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Approximations in Lp-norms and Besov spaces on compact 

manifolds 


Isaac Z. Pesenson 


Abstract. The objective of the paper is to describe Besov spaces on gen¬ 
eral compact Riemannian manifolds in terms of the best approximation by 
eigenfunctions of elliptic differential operators. 


1. Introduction 


Approximation theory and its relations to function spaces on Riemannian man¬ 
ifolds is an old subject which still attracts attention of mathematicians m, m, 

m,m- 

The goal of the paper is to give an alternative proof of a theorem in |6] (see 
Theorem 11.11 below ) which characterizes functions in Besov spaces on compact Rie¬ 
mannian manifolds by best approximations by eigenfunctions of elliptic differential 
operators. This theorem was an important ingredient of a construction which led 
to a descriptions of Besov spaces in terms of bandlimited localized frames (see [6] 
for details). 

Let M, dim M = n, be a connected compact Riemannian manifold without 
boundary and the corresponding space Lp(M), 1 < p < oo, is constructed by using 
Riemannian measure. To define Sobolev spaces, we fix a covering {i?(?/y, ro)} of M 
of finite multiplicity by balls B{y^, ro) centered at € M of radius ro < pm, where 
Pm is the injectivity radius of the manifold. For a fixed partition of unity = {il’v} 
subordinate to this covering the Sobolev spaces IT*(M),fc S N, 1 < p < oo, are 
introduced as the completion of (^“(M) with respect to the norm 

\ i/p 

Similarly, 

(1.2) II/IIb;,.(M,= fellV./irB,..* 



( 1 . 1 ) 


ll/llw,*i(M) - ( X 


where i3“,j(R") is the Besov space i?“g(M),a > 0,1 < p < cx),0 < g < oo. It is 
known |13j that such defined spaces are independent on the choice of a partition 
of unity. 

Let L be a second order elliptic differential operator on M with smooth coeffi¬ 
cients. By duality such an operator can be extended to the space of distributions on 
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M. This extension, with domain consisting of all / G L 2 (M) for which Lf G L 2 (M) 
defines an operator in the space L 2 (M). We will assume that this operator is self- 
adjoint and non-negative. 

One can consider the positive square root and by duality extend it to the 
space of distributions on M. The corresponding operator fc G N, in a space 

Lp(M),l < p < oo, is defined on the set of all distributions / G Lp(M) for which 
g 2^p(]V[). It is known that the domain of the operator is exactly the 
Sobolev space (M). 

In every space Lj,(M), I < p < oo, such defined operators (which will all be 
denoted as L) have the same spectrum 0 = Ao<Ai<A 2 <... and the same set of 
eigenfunctions. Let Uq, Ui, M 2 ,... be a corresponding complete set of eigenfunctions 
which are orthonormal in the space Lp(M). 

The notation E,^(L), a; > 0, will be used for the span of all eigenfunctions of 
L, whose corresponding eigenvalues are not greater than ui. 

For 1 < p < 00 , if / G Lp(M), we let 

(1-3) £{f,uj,p)= inf ||/-p||lp(m)- 

gGE„(L) 

The following theorem was proved in [6]. 

Theorem 1.1. If a>0,l<p< 00, and 0 < q < 00 then f G ^(M) if and 
only if f G Lp(M) and 

( OO 

^(2“^f(/,22^p))« 
i=o 

Moreover, 

(1-5) ll/IU“,(M) ^ II/IIb°,(m)- 

Our objective is to give a proof of this Theorem which is different from the 
proof presented in [^. The new proof relies on powerful tools of the theory of 
interpolation of linear operators. 

2 . Kernels and Littlewood-Paley decomposition on compact 
Riemannian manifolds 

Assuming F G (^“(R) and using the spectral theorem, one can define the 
bounded operator Fft^L) on L 2 (M). In fact, for / G L 2 (M), 

(2-1) [F{t^L)f]{x) = J K[{x,y)fiy)dy, 

where 

(2.2) Kt{x,y) = '^F(f\i)ui{x)ui{y). 

i 

We call the kernel of F{t^L). F{t^L) maps (^“(M) to itself continuously, and 
may thus be extended to be a map on distributions. In particular we may apply 
Fff^L) to any / G Lp(M) C Li(M) (where 1 < p < oo), and by Fubini’s theorem 
F{t^L)f is still given by (12.11) . 

The following Theorem about Kf was proved in for general elliptic second 
order differential self-adjoint positive operators. 
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Theorem 2.1. Assume F G C'^(R) and let Kf {x,y) be the kernel of F{t^L). 
Then for any N > n there exists C{F, N) > 0 such that 


(2.3) 


\K[{x,y)\<—n = dimM, 


1 + 


d.{x,y) 


for 0 < i < 1 and all x,y G M. The constant C{F,N) depends on the norm of F 
in the space C'^(R). 

This estimate has the following important implication. 

Corollary 2.2. Consider 1 < a < oo, with conjugate index a'. In the situa¬ 
tion of Theorem IS.dl there is a constant C > 0 such that 

(2.4) (^j\K({x,yTdyy for all x. 

Proof. First, we note that if > n, x € M and t > 0, then 
f 1 


(2.5) 


-dy<CF, n = dimM, 


Jm [1 + id{x,y)/t)]^ 

with C independent of x or t. Indeed, there exist ci, C 2 > 0 such that for all x € M 
and all sufficiently small r < 5 one has 

cir” < |R(x,r)| < C 2 r", 

and if r > (5 

C3<5" < |i3(x,r)| < |M| < C 4 r". 

For fixed x,t let Aj = B{x,2H) \ B(x,2^~^t). Then \Aj\ < C 42 ”-^f” and for 
every Aj one has 

f 1 


In other words, 


1 


/m [1 + {d{x,y)/t)] 


I A, [1 +(d{x,y)/t)] 


dy = Y, 


N 


dy < C 42 ("-^)^f". 


1 


N 


^ JAAl + {d{x,y)/t)f 

Using this estimate and (12.31) one obtains p.5|) . 

This completes the proof. 


dy < C 4 2*-' 


n—N)j 


F. 


□ 


Theorem 2.3. If F G C()°(R) and {l/q) + l = (1/p) + (1/a) then for the same 
constant C as in J^.il) one has 


II^(^^^)IIlp(M)^l,(m) < Ct n = dim M, 

for all 0 < t < 1. In particular, 

ll^(^^^)IUp(M)^Lp(M) <c, n = dim M, 

for all 0 < t < 1. 


Proof. The proof follows from Corollarv l2.2l and the following Young inequal¬ 
ities. □ 
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Lemma 2.4. Let )C{x,y) be a measurable function on M x M. Suppose that 
1 < P, Q! < c», and that (\/q) + l = (1/p) + (1/a). If there exists a C > 0 such that 

l/a 


( 2 . 6 ) 

and 

(2.7) 


\IC{x,y)\‘^dy 


'M 


\K:{x,y)\°‘dx 


'M 


l/o 


< c 


< c 


for all X S M, 


for all y € M, 


then for the same constant C for all f € Lp(M) one has the inequality 


/M 


l^{x,y)f{y)dy 


L,(M) 


< c'II/IIlp(m)- 


Proof. Let /3 = g/a > 1, so that P' = p'/a. For any x, we have 
|(/C/)(a;)| < / \K:{x,y)\^/^'\K:{x,y)\^/f^f{y)\dy 


< 


\JC{x,y)\P'^^'dy 


lip' 


\IC{x,y)\P/^\fiy)\Pdy 


ijp 




\lC{x,yW/^\fiy)\^dy\ 


\ i/p 


since p'/P' = a, a/p' = l/P'- Thus 


mr, < (^J (^J \ICix,y)\P/^\f{y)\Pdyy'’dx'^ 


p/q 




= c^!^' 


vh 


\IC{x,y)r/^P\f{y)r/Pdxj dy 
\ p/q 

\IC{x,y)\°dx] \f{yWdy 




< cP/f^'cP/P\\f\\P 


as desired. (In the second line, we have used Minkowski’s inequality for integrals.) 

□ 


3 . Interpolation and Approximation spaces. 

The goal of this section is to remind the reader of certain connections between 
interpolation spaces and approximation spaces which will be used later. The gen¬ 
eral theory of interpolation spaces can be found in m, m, m- The notion of 
Approximation spaces and their relations to Interpolations spaces can be found in 
a, m, and in [l], Ch. 3 and 7. 

It is important to realize that relations between Interpolation and Approxima¬ 
tion spaces cannot be described in the language of normed spaces. One has to use 
the language of quasi-normed linear spaces to treat interpolation and approximation 
spaces simultaneously. 

Let E he a, linear space. A quasi-norm || ■ on i? is a real-valued function on 
E such that for any f,fi,f 2 &E the following holds true 
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(1) ll/lk>0; 

( 2 ) ||/||^ = 0 ^/ = 0 ; 

(3) II-/lb = ll/lb; 

b) 11/i + bib < C'fidl/ilb + llblb): C'b > 1. 

We say that two quasi-normed linear spaces E and F form a pair, if they are 
linear subspaces of a linear space A and the conditions 

||/fe-5lb^0) ll/fc-^lb-^0: k^oo, fk,9,h€A, 

imply equality g = h. For a such pair E, F one can construct a new quasi-normed 
linear space Ef^F with quasi-norm 

UWedf = max(||/|b, ||/|b) 

and another one E + F with the quasi-norm 


\E+F = 


inf 

f=fo+fiJo&EJieF 


(ll/olb + ll/ilb). 


All quasi-normed spaces H for which (Z E + F are called inter¬ 

mediate between E and F. A vector space homomorphism T : E ^ F is called 
bounded if 

||r||= sup ||T/|b/||/|b < oo. 
feEj^o 

One says that an intermediate quasi-normed linear space interpolates between E 
and F if every bounded homomorphism T : E + F ^ E + F which is also bounded 
when restricted to E and F is bounded homomorphism of into iJ. 

On E + F one considers the so-called Peetre’s AT-functional 


(3.1) K{f,t)=KU,t,E,F)= ini (||/olb + ^ll/ilb) • 

The quasi-normed linear space {E,F)f^^,0 < 6 < 1,0 < q < oo, or 0 < 0 < l,q = 
oo, is introduced as a set of elements f in E + F for which 

(3.2) = 

It turns out that {E,F)f^,0 < 9 < 1,0 < q < oo, or 0 < 9 < l,q = oo, with 
the quasi-norm (13.2|) interpolates between E and F. The following Reiteration 
Theorem is one of the main results of the theory (see m, 0, m, m)- 


Theorem 3.1. Suppose that Eq,Ei are complete intermediate quasi-normed 
linear spaces for the pair E, F. If Ei G IC{9i, E, F), which means 

Kif,t,E,F)<Ct^^\\f\\E„t = 0,l, 
where 0 < < l,do b then 

(Ao,Ai)^, C(A,A)^,, 

where 0 <g<oo, 0 <? 7 <l, 6 * = (l — 77 ) 6*0 -f 776 * 1 . 

If for the same pair E,F and the same Eq,Ei one has Ei G ff{9i,E,F), i. e. 

ll/lb. <C||/||],-"-||/||^%7 = 0,l, 

where 0 < < l,do b then 

{E,F)l^,Z{Ei,,E,)l^, 

where 0 <g<oo, 0 < 77 <l, 6 * = (l— 77 ) 6*0 -I- 776 * 1 . 
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It is important to note that in all cases considered in the present article the 
space F will be continuously embedded as a subspace into E. In this case m can 
be introduced by the formula 

K(/,t)= inf (||/-/i|U + t||/i||f), 
which implies the inequality 

(3.3) Kif,t)<\\f\\E. 

This inequality can be used to show that the norm (13.21) is equivalent to the norm 

/ /■£ Jj.\ i/<? 

(3.4) ll/ll.,, = II/I|e+^ ,e>0, 

for any positive e. 

Let us introduce another functional on E + F, where E and E form a pair of 
quasi-normed linear spaces 

£{f,t)=£{f,t,E,E)= inf II/-5IU. 

g&F,\\g\\F<t 

Definition 3.2. The approximation space £a^q{E, E)^0 < a < oo, 0 < q < oo 
is a quasi-normed linear spaces oi all f G E + E with the following quasi-norm 

(3.5) (^^°“(t“f(/,t))^iy^'. 

For a general quasi-normed linear spaces E the notation {E)p is used for a 
quasi-normed linear spaces whose quasi-norm is || . ||^. 

The following Theorem describes relations between interpolation and approxi¬ 
mation spaces (see [l], Ch. 7). 

Theorem 3.3. If 0 = l/{a + 1) and r = 9q, then 

{£c.AE,F)f = {E,E)^^^. 

The following important result is known as the Power Theorem (see [l], Ch. 

7). 

Theorem 3.4. Suppose that the following relations satisfied: v = lypi/p, p = 
(1 — r])po + rypi, and q = pr for po > 0, pi > 0. Then, if 0 < rj < l,0<r< oo, the 
following equality holds true 

{{Er,{FrXr = i{E,F)!^,qy- 

The Theorem we prove next represents a very abstract version of what is known 
as Direct and Inverse Approximation Theorems. 

Theorem 3.5. Suppose that F G E C E are quasi-normed linear spaces and 
E and E are complete. If there exist C > 0 and /3 > 0 such that for any f G F the 
following Jackson-type inequality is satisfied 

(3.6) A£{t,f,r,E)<C\\f\\E,t>0, 

then the following embedding holds true 

(3.7) {E,F)f^^ c £spAE,T), 0 < 0 < 1, 0 < g < oo. 
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If there exist C > 0 and j5 > 0 such that for any f G T the following Bernstein- 
type inequality holds 

(3.8) ||/||F<C||/||^||/|b, 

then 

(3.9) £e 0 ,q{E, T) C {F, F)^g, ,0<8<l,0<q<oo. 

Proof. It is known ([l], Ch.7) that for any s > 0, for 

(3.10) t = Koo{f,s) = K^{f,s,T,F)= ini inax(||/i||r, SII/ 2 IU) 

the following inequality holds 

(3.11) s~^Kooif,s)< lim inf£:(/, r, £',T). 

T-S-t —0 

Since 

(3.12) K^if,s)<Kif,s)<2K^if,s), 

the Jackson-type inequality (13.61) and the inequality (13.111) imply 

(3.13) s-^K{f,s,r,F)<Ct-f^\\f\\F. 

The equality (13.101) . and inequality (13.121) imply the estimate 

(3.14) t-^ <2^iKif,s,r,F))-^ 
which along with the previous inequality gives the estimate 

K^+^{f,s,T,F)<Cs\\f\\F 

which in turn imply the inequality 

(3.15) Kif,s,T,F)<Cs^\\f\\f^. 

At the same time one has 

(3.16) K{f,s,T,F) = 


f pdl/ollr+ s||/i||e) < s||/||b, 


for every / in E. The inequality (13.151) means that the quasi-normed linear space 
(F)i+? belongs to the class ]C{j^,T,F) and (13.161) means that the quasi-normed 
linear space F belongs to the class /C(1,T, A). This fact allows us to use the 
Reiteration Theorem to obtain the embedding 

K 


((F)w,a)^ 


f,9(l+e/3) 


(3.17) 

TT^’ 

for every 0<^<l,l<g<cx:). But the space on the left is the space 

. K 

TT 0 


(f,{F)^ 


which according to the Power Theorem is the space 

{{F,F)l^)^ . 

All these results along with the equivalence of interpolation and approximation 
spaces give the embedding 

{E.F)f^ C ((r, = £ep,q{F,T), 
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which proves the embedding dSH). Conversely, if the Bernstein-type inequality 
(j3.18l) holds then one has the inequality 

(3.18) WfWt^ <C\\f\\f^\\f\\]^. 

Along with obvious equality ||/||e = II/Ht-H/He and the Iteration Theorem one 
obtains the embedding 




C 


((F) 


K 


To finish the proof of the theorem one can use the same arguments as above. 
Theorem is proven. 


□ 


4. Approximation in spaces Lp(M), 1 < p < oo 

In this section we are going to prove Theorem 1 1. II by applying relations between 
Interpolation and approximation spaces described in Section [31 
For 1 < p < cxD, if / e Fp(M), we let 

(4.1) £{f,uj,p)= inf ||/-p||lp(m). 

g^tjuj{L) 

4.1. The Jackson inequality. 

Lemma 4.1. For every k gN there exists a constant C{k) such that for any 
w > 1 

£{f,u:,p) < C(fc)cc-'=||F'=/V||L,(M), / G IFp^(M). 

Proof. Let h be a C°° function on [0, oo) which equals 1 on [0,1], and which 
is supported in [0,4]. Define, for A > 0, 

F(A) = h(A/4) - h{X) 

so that F is supported in [1,16]. For j > 1, we set 

F,(A) = F(A/4^-i). 

We also set Fq = h, so that — 4- Foi' A > 0 we define 

4-(A) =F(A)/A'=/2 
so that is supported in [1,16]. For j > 1, we set 

4/,(A) = 4'(A/4^-i), 

so that 

Fj{X) = 2-(^-ii'=4'^(A)A'=/2. 

Now for a given uj we change the variable A to the variable 4A/a;. Clearly, the 
support of h{4:X/uj) is the interval [0, w] and we have the following relation 

Fj{4X/uj) = 

It implies that if / is a distribution on M then 
Fj ('-f'I / = 


> (^) F'^). 
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in the sense of distributions. If now / G Vbp (M), so that G Lp(M), we see 

that for a' = 00 according to Theorem 12.31 


d/, (-l) < C'(fc)||L'=/2/l|Lp(M), 

/ Lp(M) 


which implies the inequality 




f-h[-L]f 




Lp(M) 


Fj -L]f 


UJ 


< 


Lp(M) 


3>l 

The proof is complete. 


□ 


4.2. The Bernstein inequality. 

Lemma 4.2. There exists a constant c(k) such that for all f G Ei^{L) 

(4.2) \\L'^f\\L,m<C{k)u3^>^\\fh^^My 

Proof. Consider a function h G C'“(R+) such that /i(A) = 1 for A G [0,1]. 
For a fixed w > 0 the support of h{\/oj) is [0, w] and it shows that for any / G Epj(L) 
one has the equality h{uj~^L)f = f. 

According to Theorems 12.11 and 12.31 the operator H{L) = LYh{oj~‘^L) is 

bounded from Lp(M) to Lg(M). Thus for every / G E^(L) we have 

lliVllLp(M) =c."''ll(a;-^L)'=h(c.-^L)/|Up(M) = 

□ 

Remark 4.3. In the inequality (14.211 the constant depends on the exponent k. 
One can show mi that in the case of a compact homogeneous manifold a similar 
inequality holds with a constant that depends just on the manifold. 

4.3. Besov spaces and approximations. It is known [13] that the Besov 
space R“,j(M), fc gN, l<p<cxD, 0<g<oo, which was defined in p.2ll . is the 
interpolation space 

i?“,(M) = (Lp(M),IT;(M))f/p,,, 

where K is Peetre’s interpolation functor. 

Let us compare the situation on manifolds with the abstract conditions of the 
Theorem 13.51 We treat linear normed spaces WffM) and Lp(M) as the spaces E 
and F respectively. We identify T with the linear space E^(L) which is equipped 
with the quasi-norm 

||/||r = mf{cc:/GE^(L)}, / G E^(L). 

CJ 

Thus, Lemmas 14.1114.21 and Theorem 13.51 imply the following result. 
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Theorem 4.4. If a > 0, 1 < p < oo, and 0 < q < oo then / S if and 

only if f G Lp(M) and 



Moreover, 


(4.4) 

By discretizing the integral term (see [1]) we obtain Theorem o 
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